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Equivalent Deterministic Inputs for Random Processes

B. Etkin,* P.C. Hughes,t and S. Zhu$
University of Toronto, Toronto, Canada

Given a linear time-invariant multivariable system with a prescribed set of stationary random inputs, we wish
to determine the correlations among the outputs. A theorem is presented that permits this determination to be
made in the time domain by integrating the response to certain deterministic transient inputs derived from the
spectrum matrix of the prescribed random inputs. The method is especially useful when a mathematical model of
the system is not available. It is tested for a two-input system and is shown to give the same numerical results as
integrating the response spectra.

Nomenclature
Cnn(r)tCrr(r) = correlation matrices
F[ ] = Fourier transform
G(s) = transfer function matrix
n ( t ) = stationary random input
r ( t ) = random response vector
ii (0 = deterministic function
(7(o>) = Fourier transform of the equivalent

deterministic function
W = matrix [Ulf...fUN]
w(t) = white noise input N
y ( t ) = response to deterministic inputs
ff = root mean square
<j>nn (oo) = spectral density matrix of random input
<l>rr (co) = spectral density matrix of output state

variable
co = frequency, rad/s
< > = ensemble average
( )* = complex conjugate matrix
( )H = Hermitian transpose matrix
( )T = transpose matrix

I. Introduction

THIS paper is concerned with the response of stable linear-
invariant systems to multiple random inputs. Its principal

objective is to generalize the equivalent deterministic
technique of Ref. 1, which treated only "a single input, to
multiple inputs and outputs.

The engineering problem that motivated us is the flight of
airplanes in atmospheric turbulence,2"4 and although the
paper is slanted to that application, we believe that the
method presented herein adds another useful tool to the kit
available to the modern systems analyst. It is not immediately
clear when the use of equivalent deterministic inputs should
be preferred to other methods of calculating responses. We
think it is more economical of computing time than
calculating response spectra from input spectra and the matrix
of system transfer functions [Eq. (1)]. We also think it.is
clearly better than any other method of finding the matrix of
response covariances (or correlations) of a given existing
system for which no mathematical model is available since it
does not first require "system identification." A point we
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would emphasize is that the equivalent inputs are a set of
deterministic transients that are fixed by the spectrum matrix
of the random input, and do not depend on the driven system
(except insofar as the system influences the inputs). Thus, in
the context of the aircraft industry, once a particular model of
atmospheric turbulence has been adopted (say, Dryden's or
von Karman's5) and a representation of the airplane is chosen
(e.g., the four-point model5), then the equivalent inputs can
be calculated, once and for all, for each size of airplane. They
can subsequently be used with appropriate time and am-
plitude scaling for any flight condition or airplane con-
figuration. (Size of the airplane is a parameter in the four-
point model—changing size changes the input spectra and the
equivalent transient inputs.)

Before proceeding with the details of the present
development, we think it worthwhile to present a review of the
existing methods for calculating response statistics.

II. Review of Existing Methods
The ultimate goal of random process analysis is frequently

to calculate probability of failure, return period, lifetime,
signal-to-noise ratio, ride comfort, fatigue damage, etc. When
the random process is assumed to be Gaussian (a very
common assumption), then all the above results can be ob-
tained for any particular resppnse variable rk (which may be a
linear combination of the system state variables) from the two
quantities <r£> and < r f > . Thus the goal of a response
calculation is frequently simply to find these two items. More
generally, one might have reason to want the whole output
correlation matrix Crr(r) or spectrum matrix ^(co) from
which the above two mean-square values can be deduced.
Since C and 0 are a Fourier integral pair, a knowledge of one
implies the other.

The method used to find the desired response quantities
depends on whether pr not there is a mathematical model of
the system, and, if so, what form the model takes.

Solution Using the Transfer Function
When the mathematical model consists of the transfer

function matrix G(/co) the spectra of the response r ( t ) and
the input n (t) are related by6

(1)

The desired mean-squares are then given by the diagonal
elements of

and

co2*rr(co)dco

(2)

0)
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In the aerospace application, when the system may have many
lightly damped modes (sharp peaks in IGI) the accurate
evaluation of Eqs. (2) and (3) can present some difficulty.

Solution Using the Impulse Response
The matrix of impulse responses, H(t), is the Fourier

transform of G(/co), and yields the response by convolution
with the input. In terms of //, the response covariance matrix
can be written as

C r r ( T ) = ( r ( t + T ) r T ( T ) )

(4)

The desired mean-square values are given by Crr(0) .

Solution Using the System Matrices
The response and input can always be related by a first-

order differential equation of the form

r=Ar+Bn (5)

In fact, the differential equation for the state vector jc of an
airplane with control vector u, and subjected to a turbulence
input g is of the form5

jc=Ax + Bu + Cjg + C2g (6)

It is shown in Ref. 5 how to eliminate the g term from Eq. (6)
to yield the canonical form without derivatives on the right-
hand side. From Eq. (5) a differential equation can readily be
derived for the propagation of the covariance.9

That equation is

R=AR+RAT+B(n(t)rT(t)y + (r(t)nT(t))BT (8)

When a steady state has been reached, as t— oo, Eq. (8) yields

0=AR + RAT+BCnr(0)+Clr(0)BT (9)

where

Equation (9) can be used to compute the desired covariance
matrix R. However, to do so, one needs as well the input-
output covariance Cnr(Q). This can be calculated from the
relation

CT
nr(0) = Crn (0) = J V*C™< -r)dr (10)

It should be noted that the above solution does not require
that the input be white noise (in contradistinction to the
treatment in Ref. 9). The mean-square values < r f> are the
diagonal elements of R. To obtain derivatives of responses
when needed, these can simply be added to the response
vector, e.g., .

shaping filter) then has a white noise input and a state vector
that includes the original state variables as well as additional
ones from the shaping filter. With a white noise input w(t),
there results a formula for the covariance matrix R like Eq. (9)
but simpler, and also an expression for the correlation, i.e.,

0=AR+RAT + BQBT (11)

Crr(T)=Re~AT r>0

= eATR T<0 (12)

Here Q is the diagonal matrix of white noise intensities, so
that

Cww(T)=Q5(r) (13)

The key to using the simpler formulas of the white noise
case is to be able to generate the shaping filter that forms part
of the augmented system. Holley and Bryson10 give an ap-
proximate method for finding the filter matrices, and an exact
method is given here in Appendix A.

Simulation of the Input
A direct method of finding the responses is of course to

simulate the input random process by actually generating the
required random functions (analog or digital) and using them
as inputs to either a computer simulation or a physical
realization of the system. This procedure would also be
facilitated by using the shaping filter discussed above.

Equivalent Deterministic Input
A method was presented in Ref. 1 that applies only when

there is a single input. It yields the mean-square response a2
r as

an integral of the response to an "equivalent deterministic
input" u(t). It utilizes the power-spectral density of the
actual noise input <t>nn(oo) to define the Fourier transform
£/(co) of the function u ( t ) . When u ( t ) is used as an input to
the given (quiescent) system the response y ( t ) yields the
desired result via the equivalence

y2(t)dt=a2 (14)

This theorem has been used in the calculation of the response
of airplanes to random atmospheric turbulence.2'4

Of the above methods, all but the last two require a
mathematical model of the system. The two exceptions can be
used when no model is available, although the system itself is,
by applying the appropriate inputs and measuring the
responses. Of these two, the last, the equivalent deterministic
method, is much to be preferred from the standpoint of ease
and cost of implementation. The drawback is that Ref. 1
treats only the case of a single input.

III. Multiple Deterministic Inputs
This paper is concerned exclusively with linear, asymp-

totically stable, time-invariant, causal (LASTIC) systems, a
very common engineering model.

The zero-mean inputs are characterized by their correlation
and spectrum matrices:

Cnn(r)=(n(t+T)nT(t)> (15)

The White Noise Case
A fairly common practice is to assume that the system is

preceded by a "shaping filter" that has a white noise input,
and generates the required multiple random inputs to the
primary system.9 The augmented system (original and

(16)

By virtue of ergodicity, < > represents either time or ensemble
average. Suppose now that the random functions n(t) are
inputs to the LASTIC system characterized by the transfer
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n(t) •

(a) Stationary random inputs and outputs

u(t) - • y(t)

(b) Transient deterministic inputs and outputs

Fig. 1 Two types of inputs to the same LASTIC system [represented
by the transfer function matrix, G(s) ].

function matrix G (s) . The outputs r(t) also have zero mean.
The spectrum matrix associated with r ( t ) is related to the
input spectrum matrix by Eq. (1). The output correlation
matrix is the inverse Fourier integral of 0rr, i.e.,

rr(T)=\°°
J.-o

(17)

This is the first of two pivotal results from LASTIC system
theory.

In order to make the fundamental analogy to which at-
tention is drawn in this paper, a second set of inputs u ( t ) is
applied to the same system (see Fig. 1). The corresponding
outputs are denoted y(t) . Unlike the random inputs n(t) of
the last paragraph, the inputs u(i) are deterministic and
transient. The input-output relationship can be expressed
thus:

(18)

Here, F(co) and U(u) are, respectively, the Fourier trans-
forms of the outputs y ( t ) and the inputs u(t). It is known
from Parseval's theorem7 (generalized to several variables)
that

\J - o 2?r J-
(19)

Therefore, from Eq. (18), the matrix of integral square
outputs is

y(t+r)yT(t)dt

°° (20)

The analogy between this formula for deterministic, finite-
energy signals and the formula, Eq. (17), for stationary
random signals is the central point of this paper. Clearly, if
one could write

(21)

then the right-hand sides of Eqs. (17) and (20) would be
identical for all G, and one could find the covariances Crr by
integrating the deterministic responses on the left-hand side of
Eq. (20). Unfortunately, Eq. (21) can be shown to be possible
only for a single input (Af=l). This is because there are too
few disposable functions mUUH to match the number in </>nn.
Clearly what is needed is a modification of Eq. (21) that yields
N2 degrees of freedom on the left-hand side. This is achieved
by considering a series of TV inputs uk(t), k=l,...N, whose
Fourier transforms form the matrix

(22)

For each input, Eq. (20) of course applies:

and the sum of Eq. (23) for all k is

VY r00

since from Eq. (22)
N

k=l

a (23)

^ (24)

(25)

We now compare Eq. (24) with Eq. (17) and note that for
allG,

k=l

if

(26)

(27)

Most commonly, Eq. (26) would be used to calculate only the
diagonal elements of Crr and then only for r=0. ;

Equation (27) yields a unique result for W if it is lower
triangular with a real diagonal. Thus the pattern for W is

0

022

0

0

<*.NN _

(28)

The form of Eq. (27) shows that a complex Choleski
factorization is required. In other words, the Choleski square
root of <j>nn is needed at each .co. A method for carrying out this
computation for real numbers is given in Ref. 8. We found
that it was relatively straight forward to extend it to complex
<l>nn. The details are omitted in the interest of brevity. When
W(u) has been calculated, so that (77 (co)...L^v(co) are
known, the appropriate input function sets Uj (t)...uN(t) can
be found by fast Fourier transform methods.

In general, of course W contains complex elements, but
because <!>„„ is Hermitian, it can be shown that the real parts
of the Uy (co) are even functions of w. It then follows that the
inverse Fourier transform u^(t) is real. It is the sum of two
parts, one even in t. [the inverse cosine transform of the real
part of Uy (o>) ] and one odd in t [the inverse sine transform
of the imaginary part of U^ (a?) ].

Relation f or <rrr>
For some statistical analyses, as previously noted, the

mean-squre of r, may be required.5 The theorem needed
parallels Eq. (19). Since

(29)

it follows from Eq. (19) that

y(t+r)yT(t)dt

(30)
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n (t) or u (t)

n 2( t ) or u2

r (t) or y (t)

Fig. 2 Example system.

r(t) or y(t)

U,i(cu) *

0.80 1.60 2.40 3.30 4.00 4.80 5.6(

log <jj

U22(OU)

"li.oo o.eo 1.60 2.HO 3.30 4.00 "4.80 5.60

log cu

U2,M '3-

"b.OO 0.80 1.60 2. HO 3.20 4.00 4.80 5.60

log GU

Fig. 3 Fourier transforms t/,y

But it is also true that

(31)

and hence it follows that for the set of N inputs previously
described, so long as Eq. (27) holds

A r00

£
^i J-°

(32)

Thus the calculation of quantities such as <rf>, which entails
evaluating diagonal terms of Eq. (32) for r=0, can proceed
simultaneously with the calculation of terms in Crr .

IV. Example
We now illustrate the method by an example related to

flight in atmospheric turbulence since the spectrum functions
used have a form commonly used to represent atmospheric
turbulence (the Dry den spectrum5)

U2l(t)J. , j
6. DP -12.00 -8.00 -H.OO ^ 00 4.00 8.00 12.00

t sec

6.00 -12.OQ -8.00 -4.00 8.00 12.00

t sec

Fig. 4 Equivalent deterministic inputs.

The constants have the following values:

a = 6.4972 Z? = 7.5226 c= 1.4225

d=2.0713 A:=0.0753 z = 0.5890

The example system is characterized by two transfer functions
(Fig.2)

a^lr/s, f;=0.15

u2=2r/s, f2=0.3Q

The Fourier transforms of the equivalent input time
functions are shown in Fig. 3. Because the <t>nin2

 used has no
imaginary part, these functions are all real and even in co.

The. input time functions «// ( t ) are shown in Fig. 4, and are
also seen to be even in t. The responses y^ (t) to these inputs
are shown in Fig. 5. The integrals of these responses were
calculated according to Eqs. (26) and (32) for r=0, with the
results shown in Table 1. The quantities shown in Table 1
relate to those shown in the figures as follows: For the
spectral method

where

(33)
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y21(t) .

CD'

(2.00 -21.00 -16.00 -8.00 ^
T

°

7\ -i i t
/ 8.00 16.00 21.00

V tsec

y22(t) a

§

j
12.00 -2H.OO -16.00 -8.00 "̂

g

/V>/ 8.00 16.00 24.00

v t sec

Fig. 5 Response to equivalent inputs.

Table 1 Comparison of results
Method

Spectral
Eqs. (33), (34)

Transient
Eqs. (12), (20)

4.559

4.554

3.954

3.979

forms of spectra), we think that appreciable savings of
computing time may be realized over the corresponding
conventional spectral analysis. This is the case when
calculating aircraft response to atmospheric turbulence, since
the form of the turbulence model is known. AH the deter-
ministic time functions, apart from amplitude and time-
scaling factors, can then be predetermined and need be
calculated only once for each size of airplane. When applied
in situations where the system itself is available, but not an
analytical model, it is our opinion that the use of equivalent
deterministic inputs provides substantial time savings over the
alternative methods, i.e., plant identification or generating a
set of correlated random inputs with a prescribed correlation
matrix.

Appendix: Shaping Filter
Suppose it is desired to have a set of N stationary random

signals n ( t ) with prescribed spectral properties. That is,
$nn (w) is specified. Or, equivalently, the correlation matrix
Cnn(r) is specified. These signals are to be produced by
passing white noise inputs through a * signal-shaping' net-
work. The white noise inputs are denoted w(t). They are
assumed uncorrelated and to have constant spectral density of
unit mangitude. That is,

(Al)

where /is the NX N unit matrix. Alternatively, the covariance
matrix is

Cww(r)=Id(r) (A2)

The frequency response matrix for the signal shaping network
is denoted S(u). We wish to find the S(co) that produces the
desired *„„ (a?) at the output.

The relationship between 4?m and *wvv is the same as Eq.
(1):

(A3)

which, in view of (Al), becomes

and

J oo

_ooco2$0.^(co)dco (34)

where $r.rk was calculated from Eq. (1).
For the transient method

a? = Crr (Q) . = (y*n +2y21yu +y2
21 ) dt +

The corresponding expression for o} has yjk replacing yjk in
the integrals.

The numerical values obtained by the two methods are seen
to be in substantial agreement. Excluding the time taken to
find ujk ( t ) , the CPU time used for the transient method was
45% of that taken by the spectral method.

V. Concluding Remarks
The equivalent deterministic technique, originally presented

in 1961 for a system with only one input, has been generalized
to any number of inputs and outputs. A numerical example
confirms that the results obtained for output covariances are
the same as those obtained by spectral analysis.

When applied to situations where the equivalent input
transients can be precalculated (i.e., situations with known

S(u)SH(u)=$nn(u) (A4)

Thus the desired 5(co) is the Choleski square root of the given
spectral density matrix *^(oj).

It is clear from a comparison of Eqs. (7) and (A4) that, in
fact,

(A5)

This shows another dimension to the analogy.
To complete the process of generating the shaping filter, a

"realization** of 5(w) is required. One method of carrying
this out is given in Ref. 11.
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1985 American Control Conference
June 19-21,1985

Boston Marriott Hotel Copley Place, Boston, Massachusetts

The Arrierican Automatic Control Council will hold the fourth American Control Conference (ACC) on June 19-21,1985, in
Boston, Massachusetts. This conference will bring together people working in the fields of control, automation and
related areas from the American Institute of Aeronautics and Astronautics (AIAA), American Institute of Chemical
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(IEEE) and the Instrument Society of America (ISA).

Both contributed and invited papers will be included in the program. The ACC will cover a range of topics relevant to
theory and practical implementation of control and industrial automation. Topics of interest include but are not limited to
linear and nonlinear systems, estimation, identification, robotics, computer aided design, signal processing, computers
and communication iri control, automation and real time control of processes. Possible application areas include, but are
not limited to, aerospace, automotive, manufacturing automation, defense, chemical and petrochemical process control,
electric power, nuclear and biomedical.

Call for Contributed Papers—The 1985 ACC Program Committee is soliciting papers in all areas t>f control and
automation. Two types of papers are Solicited: (a) regular papers describing work in some detail, and (b) short papers
which present recent, perhaps preliminary, results; All papers accepted for presentation will appear in the Proceedings.

Prospective authdrs should submit six copies of each regular paper marked "1985 ACC" by October 1; 1984, to one of
the Society Review Chairmen. Review Chairman for the AIAA is Paul Zarchan, Systems Design Laboratories, Raytheon
Company, Hartwell Road, Bedford, Mass, 01730. On all co-authored papers, the name of the corresponding author should
be identified. Unless the author specifically states' otherwise, all regular papers submitted to the Society Chairman will
also be considered for journal publication. Four copies of 700-word summaries of short papers not intended for journal
consideration may be submitted to the Program Vice Chairman for Contributed Papers, Wayne Book, School of
Mechanical Engineering, Georgia Institute of Technology, Atlanta, Ga. 30332. Both regular papers and short paper sum-
maries should clearly describe the problem, the analytical or experimental techniques employed, new results obtained and
relevant references.

Call for Invited Sessions—The Program Committee is also soliciting proposals for invited sessions. Prospective
organizers should contact the Program Vice Chairman for Invited Sessions, Eli Shapiro, Dept. 72-71, California Lockheed
Company, Burbank, Calif. 91520, before October 1, 1984, to obtain the forms for invited session proposals. Each invited
session may Include a panel discussion following the presentations. Session organizers must submit, by November 1,
1984, the completed invited session forms including abstracts for the invited papers and a session summary.


